A model which relates branching kinetics to colony shape in filamentous fungi was used to study the growth of Sclerotium rolfsii. Model variables include the densities of hyphae and tips along the radius of the colony. Experiments designed to measure these variables revealed peaked distributions of hyphae, and tip densities which were concentrated just within the margin of the colony. The phenomena of lateral branching, hyphal autolysis, and anastomosis, which are known to occur in S . rulfsii, are incorporated into the model. Predictions generated by the model agree with experimental observations on this species.
INTRODUCTION
Mathematical modelling has become a recognized tool in the biological sciences, including mycology. There have been numerous models at several levels of description which have to some extent aided in the understanding of fungal growth. A review of such models and of questions open to future attempts at modelling has been given by Bull & Trinci (1977) .
Since fungi can be grown under a variety of conditions, each producing a particular colony geometry, numerous formulae have been suggested for biomass growth. These include the peripheral growth zone model for flat colonies (Trinci, 1971) , the cube-root growth kinetics for fungal pellets (Emerson, 1950; Pirt, 1966) , as well as the logistic growth law which was modified for each geometry (Koch, 1975) . More recently, a model for fungal growth has been suggested which relates processes at the hyphal level to growth rates and branching of a network of hyphae (Prosser & Trinci, 1979) . However, as noted by Bull & Trinci (1977) , the gap between events at the hyphal level and properties of the colony as a whole has not yet been bridged completely.
In this paper, we suggest a model which may be applicable to the growth of two-dimensional fungal colonies and which is based on our understanding of the processes of growth at the hyphal level. As in the model of Prosser & Trinci (1979) , the phenomena of apical growth and branching are described in the model. Its principal novel feature is that averaged properties such as hyphal density distributions, rather than individual hyphae, are considered. Furthermore, a new variable, tip density, is defined, so that the collective processes of growth and branching may be described more accurately.
An adequate model of the fungal colony should be able to explain several biological observations. First, the distribution of biomass within a colony tends to have a form which is characteristic of the fungus. For example, the margin of a colony often has a density profile which is maintained as the colony expands (Ryan et al., 1943; Plomley, 1959; Butler, 1961; Burnett, 1968) . Bull & Trinci (1977) suggested mechanisms which could be involved in this phenomenon, including regulation of hyphal polarity, of branch initiation, and of the spatial distribution of hyphae. Second, colonies usually expand at a constant rate which is specific for the organism and the conditions. Many of the models mentioned above have concentrated on this 0022-1287/83/OOOl-O612 $02.00 0 1983 SGM
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aspect of colony growth. Finally, observations on small mycelial fragments or hyphae at a colony edge have revealed that in many fungi the total hyphal length and the number of tips increase at the same rate, so that the ratio of these, called the hyphal growth unit (Caldwell & Trinci, 1973; Trinci, 1973; Bull & Trinci, 1977) is constant. The model of Prosser & Trinci (1979) was able to account for this observation.
The approach to modelling fungi which will be described has proved suitable for addressing the regulation of form and growth rates in fungal colonies. A more complete theoretical framework for the model will be given elsewhere, with more detailed consideration of the absorption and translocation of nutrients within a colony (L. Edelstein & L. A. Segel, unpublished) . The minimal colony growth model on which we focus here has also been explored in a more mathematical treatment (Edelstein, 1982) which reveals the dependence of self-regulatory properties of the colony on specific branching styles. The present paper summarizes the model and describes some of its predictions, the main purpose being to report results of some experiments that were designed to test the theory.
T H E M O D E L
In describing the form of a colony, it seems natural to consider averaged quantities, such as the spatial distribution of hyphal densities (Plomley, 1959; Trinci, 1971; Ryan et al., 1943) . When this approach is taken, it is possible to represent growth of a colony by mathematical equations which describe continuous changes (rather than discrete events such as branching of individual hyp hae).
When motion is involved, equations of continuity called balance laws are used. These have the general form
where m(x,t) is a density (for example, mass per unit area or number per unit area), x the distance from the site of inoculation, t time, J , the flux of material, S a source term and D a death term, which account for local creation and degradation of the material, respectively. [For a general discussion of this type of equation see Segel (1981), p. 442.1 In the following model we keep track of two variables and their distributions over space, the density of hyphae, p(x, t ) (in length of hyphae per unit area), and the density of tips, n(x, t ) (in number of tips per unit area). These may vary with time or over different locations in the colony. Equations for both quantities fall into the general framework of (1) above, although a distinction will be made between the latter, which move over space, and the former, which (except for their apices) are immobile. The equation for hyphae thus lacks the term (aJ/ax), but has a death term D, and a creation term S = nu. The nature of this term stems from the basic tip-growth mechanism: a number of tips n growing at the rate u (in length per unit time) gives rise to a hyphal accumulation rate of nu (in hyphal length per unit time).
The second balance equation for tip densities accommodates the fact that tips move (with flux J,, = nu) and are moreover created by branching or eliminated by anastomosis. [Note that, according to the above, the source of hyphae is equivalent to the magnitude of the flux of tips.] For a given point in space, assuming one-dimensional growth, the balance equations here take the form
In the above, source and death of tips has been combined into a single term, 0 = S -D. Expressions for d ( p ) and a(n,p) depend on further assumptions about hyphal death and branching styles and will presently be discussed. In this version of the model it is assumed that the tip growth rate u is constant. [A more detailed model has been devised (L. Edelstein & L. A. Segel, unpublished) , in which tips grow at a rate which depends on internal metabolite reserves and accelerate to their final constant growth rate u.]
The one-dimensional formulation of equations (2) and (3) makes them suitable for depicting growth confined to tubes, such as those described by Ryan et al. (1943) . Radially symmetric colonies growing in Petri dishes can be accommodated by a slight modification of equation (3). Assuming tips grow along the radii of a colony and letting r be the distance from the colony centre, equation (3) becomes which is equivalent to an anv nu
From this form it may be noted that in a radially growing colony there is an apparent dilution effect (represented by the term -nu/r) which causes a decrease in tip density at the expanding margin. Since this term is largest closest to the inoculation site (i.e. for small values of r ) it has the greatest effect at the centre of a colony. As a result of this, the area close to the site of inoculation often remains rather sparse in density compared to other regions in a colony (see Figs 1 and 2). For a more detailed look at branching and hyphal death we chose one specific example, that of Sclerotium rolfsii, a basidiomycete, which, under suitable conditions, forms multicellular resistant structures called sclerotia (Chet & Henis, 1975) . Anastomosis is known to occur during the development of these structures (Buller, 1933; Chet & Henis, 1975) , as well as during the growth of undifferentiated mycelia (Aycock, 1966) . In S. rolfsii under normal conditions, hyphae branch laterally and hyphal autolysis can be observed in the interior of colonies. With these observations, the functions d and CT of equations (2) and (3) would be given by
where y1 is the hyphal death rate, a2 the rate of lateral branching (in tips per mm hypha per hour) and p2 the anastomosis rate (in tips fused per unit tip density per mm hyphae per hour). The form of assumption (4) is sufficiently general to include any sort of spontaneous hyphal death, including autolysis. In assumption (5) tip production depends on the number of hyphae since branching is lateral. (Thus in locations where hyphae have died and their density diminished, fewer tips will be produced.) The second term in (5) accounts for the fact that anastomosis, an event in which tips and hyphae must come into contact, would occur with a likelihood that increases when more tips or more hyphae are present. Since anastomosis is a way of eliminating a growing tip, this term appears with a minus sign.
When the expressions (4) and (5) are substituted into equations (2) and (3), the model for colony growth contains four parameters, u, yl, a2 and p2. However, the equations of the model could be reformulated in a dimensionless version as follows:
where ratios of the parameters have been absorbed into the single remaining dimensionless quantity a. Edelstein (1982) showed that the parameter a then has the form
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In reducing the equations to the above form, the hyphal growth unit, defined by Caldwell & Trinci (1973) as the total length of a mycelium divided by the number of branches, enters as a canonical length scale to which measured distances are referred.
The form of equations (6) and (7) is more convenient for two reasons. First, it allows us to conclude that if distances are measured in units of the hyphal growth unit (and time in units of hyphal half life, l/yl), two colonies of fungi with the same value of a would look identical. In other words, the only range of truly variable colony growth trends is governed by the ratio of parameters given in equation (8). Environmental effects which change the colony growth trend must thus influence one of the parameters in this equation. We conclude for example that p2, the rate of anastomosis, cannot influence the type of colony shape produced. [p2 does, however, determine the absolute magnitudes of tip and hyphal densities in the colony,] Second, in studying solutions to the model by numerical techniques on the computer, the whole range of colony growth trends can be explored systematically by varing a single parameter, a, rather than the previous four. Solutions shown in Fig. 4 were in fact obtained by trying several values of a and picking out those which most closely resembled experimental measurements.
M E T H O D S
Strain and growth conditions. Sclerotium roysii Sacc. was grown at 30 "C on a synthetic agar medium in Petri dishes . Plates containing solidified medium were covered with a cellophane membrane (Okon el al., 1972) and inoculated centrally with 0.5 cm diameter agar discs covered with fungal mycelium which had been cut from a 5 d colony. These were grown at 30 "C for at least 2 d before measurements were performed.
Determination of hyphal densities. A 6 cm strip of Scotch tape (3M Company, St Paul, Minn., U.S.A.) was applied across the radius of a colony which had been grown on a 15 cm diameter Petri dish. The mycelium protruding from the edges of this strip was cut away, and the tape with its intact sample was lifted from the cellophane. This was applied, sticky side down, to fine-weight millimetre graph paper and successive 5 mm x 5 mm squares were cut. Fresh weight of samples was determined on an analytical balance (Mettler H20T). Several squares free of mycelium were used for calibrating the curves and for estimating the errors in the measurements. Errors due to variations in the areas of dissected squares were well below 5% of the measured weights.
Tip density determinations. Using Scotch tape a 10 mm x 40 mm strip of intact mycelium was lifted from the cellophane. The taped mycelium was stained for about 5 min in a 0.05% (w/v) solution of Calcofluor White M2R New (American Cyanamid Company), washed several times in distilled water, and taped on to a glass microscope slide, with the immobilized mycelium flattened between the glass and tape. These slide preparations were studied and photographed (Kodak TRI-X ASA 400) under UV illumination (390-450 nm filter) using a Zeiss microscope. From such photographs the locations of tips were identified and their numbers counted. Figure 1 shows measured hyphal densities in mg fresh wt per 25 mm2 for colonies of S . rolfsii. A number of conclusions can be drawn from these experimental observations. (1) There is a region next to the centre of the colonies in which hyphal density is rather sparse. In Fig. 2 this region shows up as a dark ring around the inoculum disc. (2) The colony front retains a characteristic slope as growth proceeds. (3) For low nutrient concentrations the hyphal density eventually decreases through most of the colony interior, whereas for higher concentrations the hyphal density accumulates throughout all but the centre of the colony. (4) During the time of observation (1 13 h) the density levels at the colony margin are continually increasing without attaining their limiting value. Figure 2 shows the appearance of successive microscopic views of a Sclerotium roFsii colony stained with calcofluor. In these, the locations of hyphal tips can be identified as bright dots in the mycelial network. A graph of the spatial distribution of hyphal tip density is shown in Figure  3 , based on photographs taken at distances of 20,16, 1 1, and 7 mm from the centre of the colony. The distribution of tips has a maximum close to the edge of the colony. Such measurements were Distance from centre of colony (cm) Fig. 1 . Experimentally observed hyphal density distributions for colonies of Sclerotium rolfsii grown on (a) 0.5% glucose in a synthetic agar medium, or (6) 2% glucose in the same medium. Wet weight per 5 mm x 5 mm square is plotted as a function of distance from the inoculum centre. The successive profiles are after 52 h (--), 76 h (----), 94 h (--) and 1 (6) and (7) were solved numerically on an IBM computer (Brown University) for several values of the parameter a. Figures 4(a) and 4(b) show the growth trends predicted during five dimensionless time units by this model for a = 0.25 and a = 1.0, respectively. We observe that Fig. 4(a) is qualitatively similar to Fig. 1 (a) : a constantly increasing density level with a tapering margin whose slope is retained throughout growth. Furthermore, Fig. 4(b) is similar to Fig. 1 (b) , with an increased effect of hyphal death close to the centre of the colony grown at low glucose concentration. In general, the agreement between experimental and observed growth trends is fairly close . Figures 4(c) and 4 ( d ) show predicted tip density distributions corresponding to the hyphal densities shown in Figs 4(a) and 4(b) .
R E S U L T S

Hyphal density determinations
Tip densities
Several qualifying remarks should be made. First, while the shapes of graphs are qualitatively similar to experimentally measured distributions, the absolute magnitudes given by the scales in Fig. 4 cannot be compared directly to those of Fig. 1 since the former are in dimensionless units.
A comparison could be made once the values of parameters u, a2, yl, p2 were known for each set of growth conditions. So far, we have not been able to measure y , and p2. Second, solutions to equations (6) and (7) for times longer than 5 dimensionless units produce colony shapes in which hyphal density eventually attains a limiting value. In order to see this experimentally it may be necessary to grow colonies for longer times (more than 1 13 h) on larger Petri plates. (The present method for weight determination did not permit this due to digestion of the cellophane membrane after about 5 d growth.) Third, there is an apparent discrepancy between model predictions and observed densities at the centre of colonies. It should be pointed out that since in numerical simulations of the model we made no attempt to depict boundary effects due to the presence of the inoculum disc, inaccuracies are to be expected close to the colony centre.
With the above reservations in mind, more positive features of the model deserve mention. One is the prediction that the distribution of tips in the colony closely parallels that of hyphae, though the peak of tips is slightly ahead of the peak in hyphal density. This implies that the hyphal growth unit p / n is a constant in the interior of the colony, as suggested by Caldwell & Trinci (1 973). We have shown that the ratio n/p is constant within a colony of the type described in this paper, increases towards the margin, and attains some highe'r constant value at the colony edge (L. Edelstein & L. A. Segel, unpublished) . In addition, we note that while it is not feasible to measure tip densities in colonies grown at glucose concentrations higher than 0.5% (w/v), the model may be used to predict their distribution. Tip densities decrease with time in the interior. of the colony at low nutrient levels but accumulate at higher nutrient levels. Finally, we note that while it is premature to speculate how glucose concentrations affect individual rate constants of hyphal growth, it would appear that an increase in glucose concentration can be depicted by an increase in the fungal parameter a. We may conclude from this and equation (8) that higher glucose levels may cause an increase in lateral branching rate, and/or in tip growth rates, or a decrease in the rate of hyphal death. These predictions are subject to experimental verification.
L . E D E L S T E I N A N D OTHERS D I S C U S S I O N
The model of fungal growth described above provides a new way of studying colony formation. The experimental approach suggested by this model includes the measuring of densities of hyphae and hyphal tips during growth.
A number of techniques have been used in the past to obtain profiles of biomass density of colonies of fungi. Plomley (1959) studied density distributions in Chaetornium by tracing photographs of surface hyphae in the colony and actually measuring total hyphal length per unit area. This was made possible by an apparently sparse growth. Gillie (1968) weighed sections of mycelium of Neurospora crassa after extraction of agar and freeze-drying. Pittendrigh et al. (1960) used a densitometer for optically scanning density striations in N . crassa.
A combination of some of the above methods was attempted in order to obtain density profiles of Sclerotium rolfii. The method chosen after some experimentation was a modification of Gillie's (1968) direct weighing procedure. Our modifications included (a) growing the colonies on cellophane-covered media, hence eliminating the need for agar extraction, (b) removing mycelia from the growth surface with sticky tape, enabling a more accurate dissection of fixed areas, and (c) repeating measurements for different growth times, hence obtaining a time sequence of the colony growth. We chose to determine fresh weight as a measure of hyphal density since the weight of dried mycelial samples was a small fraction of the weight of tape and paper attached to them. It was felt that errors inherent to fresh weight determination (e.g. retention of extracellular moisture) were thus significantly lower than those of dry weight determination.
There are technical difficulties in identifying hyphal tips so as to measure their density, especially in the interior of the colonies. A method for staining hyphal tips using calcofluor was described by Gull & Trinci (1974) . The basis of this staining technique was also explained by Kritzman et af. (1979) , who used this method on single tips at the edge of colonies, rather than spatial tip distributions. The technique of first immobilizing hyphae by applying Scotch tape to the mycelium has not previously been used in staining tips. By preventing the fragmentation and folding of the edge of the colony during the staining and washing procedure, we were able to produce preparations in which the positions of tips and hyphae were relatively undisturbed (Fig.  2) . This method was used to observe the spatial distribution of hyphal tips in colonies grown on 0.5%-1% glucose, for which the density of mycelium is just sufficiently sparse so that tips could be identified readily and counted. A peak of tip density occurred near the margin of the colony, with fewer tips in the interior and further out.
Using the methods described in this paper, the results of experimental observations appear to be in agreement with model predictions. A number of general comments could be made on the basis of these results. (i) Equations (4) and (5), which describe a colony of a laterally branching fungus with tip-hypha anastomoses and spontaneous hyphal autolysis, can be used to describe the growth kinetics of colonies of S . rolfsii. (ii) The effect of nutrient availability, not explicitly modelled here, can be incorporated into growth parameters such as branching rates and hyphal death rates. (iii) Parameters such as tip growth rate u, branching rate a 2 , and hyphal death rate y1 can determine both the growth trend and the absolute hyphal densities in growing colonies, whereas (iv) the rate of anastomosis p2 influences tip and hyphal densities without changing the trend of colony growth. Furthermore, the similarity between predicted and observed growth suggests that the approach used in formulating the model is conceptually feasible.
In comparing the present model for colony growth with previous models for fungal growth, several points should be made. The first has to do with the mathematical formulation. By using a set of partial differential equations, it has been possible to address the question of what determines the spatial variations of a mycelium. Such phenomena as motion of hyphal tips, and branching and anastomoses which are essentially localized events, could be incorporated in the model from which global predictions about the form of the colony as a whole could be deduced. In this sense, the model may have helped to confirm a longstanding hypothesis: namely that the regulation of form in fungal colonies depends on interactions between the elements of the mycelium (Plomley, 1959) .
